Context. PG 1159-035, a pre-white dwarf with T eff ≃ 140 000 K, is the prototype of both two classes: the PG 1159 spectroscopic class and the DOV pulsating class. Previous studies of PG 1159-035 photometric data obtained with the Whole Earth Telescope (WET) showed a rich frequency spectrum allowing the identification of 122 pulsation modes. Analyzing the periods of pulsation, it is possible to measure the stellar mass, the rotational period and the inclination of the rotation axis, to estimate an upper limit for the magnetic field, and even to obtain information about the inner stratification of the star. Aims. We have three principal aims: to increase the number of detected and identified pulsation modes in PG 1159-035, study trapping of the star's pulsation modes, and to improve or constrain the determination of stellar parameters. Methods. We used all available WET photometric data from 1983, 1985, 1989, 1993 and 2002 to identify the pulsation periods. Results. We identified 76 additional pulsation modes, increasing to 198 the number of known pulsation modes in PG 1159-035, the largest number of modes detected in any star besides the Sun. From the period spacing we estimated a mass M/M ⊙ = 0.59 ± 0.02 for PG 1159-035, with the uncertainty dominated by the models, not the observation. Deviations in the regular period spacing suggest that some of the pulsation modes are trapped, even though the star is a pre-white dwarf and the gravitational settling is ongoing. The position of the transition zone that causes the mode trapping was calculated at r c /R ⋆ = 0.83 ± 0.05. From the multiplet splitting, we calculated the rotational period P rot = 1.3920 ± 0.0008 days and an upper limit for the magnetic field, B < 2000 G. The total power of the pulsation modes at the stellar surface changed less than 30% for ℓ = 1 modes and less than 50% for ℓ = 2 modes. We find no evidence of linear combinations between the 198 pulsation mode frequencies. PG 1159-035 models have not significative convection zones, supporting the hypothesis that nonlinearity arises in the convection zones in cooler pulsating white dwarf stars.
Introduction
The star PG 1159-035 was identified by R. F. Green in 1977 in a survey for objects with ultraviolet excess, known as the PalomarGreen Survey (Green et al. 1986 ). The presence of lines of He II in the PG 1159-035 spectrum suggested a high superficial temperate (McGraw et al. 1979) . The analysis of the far ultraviolet flux distribution -from ∼ 1200 Å to the Lyman limit at 912 Å -obtained with the Voyager 2 ultraviolet spectrophotometer indicated an effective temperature above 100 000 K (Wegner et al. 1982) . Later analysis with the IUE and EXOSAT show that PG 1159-035 is one of the hottest stars known (Sion et al. 1985 , Barstow et al. 1986 ); the current estimated temperature for PG 1159-035 is 140 000±5 000 K (Werner et al. 1991 , Dreizler et al. 1998 and Jahn et al. 2007 ) and log g(cgs) = 7.0 ± 0.5 (Werner et al. 1991) , placing it in the class of the pre-white dwarf stars.
Send offprint requests to: costajes@gmail.com McGraw et al. (1979) discovered that PG 1159-035 is a variable star and identified at least two pulsation periods. The Fourier transform of more extensive light curves obtained in the following years, between 1979-1985 , allowed the detection of eight pulsation modes (Winget et al. 1985) ; the highest amplitude mode has a period of 516 s.
A long light curve is necessary to resolve two nearby frequencies in the Fourier transform (FT) of a multiperiodic pulsating star. The Fourier transform resolution is roughly proportional to the inverse of the light curve length. For instance, if the difference between two frequencies is equal to 100 µHz, just three hours of photometric data are needed to resolve them, but, more than 10 days are needed if the difference between them is of 1 µHz. On other hand, the presence of gaps in the light curve introduces in the FT an intricate structure of side-lobes, which may hinder the detection and identification of real pulsation frequencies.
With the establishment of the WET (Whole Earth Telescope) in 1988 (Nather et al. 1990 ), PG 1159-035 was observed for about 12 days with an effective coverage around 60%, resulting in a quasi-continuous 228 hours of photometric data. The high-resolution Fourier transform of the light curve allowed the detection and identification of 122 peaks .
In white dwarf and pre-white dwarf stars, gravity plays the role of the restoring force in the oscillations. Any radial displacement of mass suffers the action of the gravitational force causing the displaced portion of mass to be scattered inwards and sideways. This type of nonradial pulsation modes are called gmodes.
General nonradial pulsations are characterized by three integer numbers: k, ℓ, m. The number k is called radial index and is related with the number of nodes in the radial direction of the star. The number ℓ is called index of the spherical harmonic (or degree of the pulsation mode). For nonradial modes, ℓ > 0, while a radial pulsation has ℓ = 0. In white dwarf stars the pulsations are dominated by temperature variations (Robinson, Kepler, and Nather 1982) . The index ℓ is related with the total number of hotter and colder zones relative to the mean effective temperature on the stellar surface. Finally, the number m is a number between −ℓ and +ℓ and is called the azimuthal index. The degeneracy of modes with different m is broken when the spherical symmetry is broken, for example, by rotation of the star, or the presence of magnetic fields. The absolute value of the azimuthal index, |m|, is related with the way the cold zones and hot zones are arranged on the stellar surface. The sign of the index m indicates the direction of the temporal pulsation propagation. We adopted the convention used by Winget et al. (1991) : m is positive if the pulsation and the rotation have the same direction and negative if they have opposite directions.
The PG 1159-035 Fourier transform published in 1991 also revealed the presence of triplets and multiplets, caused by rotational splitting, allowing the determination of the rotational period of the star (P rot = 1.38 days). Stellar rotation causes the g-modes with m 0 to appears in the FTs as frequencies slightly higher (m > 0) or lower (m < 0) than the frequency of the m = 0 mode, depending on whether the pulsation is travelling in the same direction of the rotation of the star (higher frequency) or in opposite direction (lower frequency). Slow rotation splits a mode in a multiplet of 2(ℓ + 1) peaks. For ℓ = 1 modes, the multiplets have three peaks (triplets) and for ℓ = 2 modes they have five peaks (quintuplets). But not necessarily all components are seen in the FTs, because some of them might be excited with amplitudes bellow the detection limit. Besides stellar rotation, a weak magnetic field can also break the degeneracy and cause an observable splitting of the pulsation modes into (ℓ + 1) components in first order. However, no notable magnetic splitting has been observed in PG 1159-035 .
The immediate goal of this work was to detect and identify a larger number of pulsating modes in PG 1159-035 from the analysis and comparison of the FTs of photometric data obtained in different years. A consequence is the improvement in the determination of the spacing between the periods of the pulsation modes used in the calculation of the stellar mass and in the determination of the inner stratification of the star. The analysis of the splitting in frequency in the multiplets of the combined data allows the calculation of the rotation period with higher accuracy and a better estimate of a upper limit for the strength of the star's magnetic field. We are also interested in the search for possible linear combination of frequencies, as an indication of nonlinear behavior. This paper is organized as follow: in next Section we present some basic background in pulsation theory. In §3 and §4 we discuss the observational data and the data reduction process used in this work. In §5 we discuss the detection of pulsation modes from the PG 1159-035 FTs. Then, in §6, we present the calculation of the period spacing for the detected pulsation modes. The mode identification, i.e., the determination of the numbers k, ℓ and m of the detected pulsation modes is discussed in §7 and in §8 §9 we calculate the rotational and the magnetic splittings and the rotation period of the star. An estimate of the inclination angle of the rotational axis of the star is done in §10 and in §11 we use the splitting to obtain an upper limit for the PG 1159-035 magnetic field. In §12 we present the estimate of the mass of PG 1159-035 from the period spacing in comparison with the masses calculated from spectroscopic models. The analysis of a possible trapping of pulsation modes in PG 1159-035 is presented in §13 and in §14 we use the results to calculate the position of a possible trapping zone inside the star. In §15 we comment on the absence of linear combination of frequencies in PG 1159-035 and in §16 on the energy conservation of the pulsation modes in the star surface. Finally, in §17 we summarize our main results.
Some Background
The periods of g-modes for a given ℓ must increase monotonically with the number of radial nodes, k. This occurs because the restoring force is proportional to the displaced mass, which is smaller when the number of radial nodes, k, is larger. For white dwarfs and pre-white dwarfs stars, a weaker restoring force implies in a longer period. One of the known methods to calculate the oscillation periods inside a resonant cavity is the WKB (Wentzel-Kramers-Brillouin) approximation, well know in Quantum Mechanics [see, for instance, Sakurai (1994) ]. In the case of pulsating stars, this approximation is based on the hypothesis that the wavelength of the radial wave is much smaller than the length scales in which the relevant physical variables (density, for example) are changing inside the star. This is approximately true for g-modes with large values of k (k ≫ ℓ). In this asymptotic limit, e.g. Kawaler et al. (1985) the WKB result approaches a simple expression:
where, P ℓk is the period with index ℓ and k and P o and ǫ are constants (in seconds). The mean spacing between two consecutive periods (P ℓ,k+1 − P ℓ,k ) of same ℓ is:
The constant P o in Eq.1 strongly depends on the stellar mass (Kawaler and Bradley 1994) and, therefore, the determination of ∆P ℓ allows us to measure the mass of the star. On the other hand, the internal stratification of the star causes the differences P ℓ,k+1 − P ℓ,k to have small deviations relative to the mean spacing, ∆P ℓ . The analysis of these deviations can give us relevant information about the internal structure of the star.
The Observational Data
PG 1159-035 has been observed with time series photometry at McDonald Observatory since 1979, soon after being identified as a pulsating star by McGraw et al. (1979) . In 1983 the star was observed several times during three months, revealing the presence of at least eight pulsation frequencies. New observations were obtained in 1984 (Winget et al. 1985 , confirming the persistence of the previously detected pulsation modes. Campaigns of quasi-continuous observations were carried out with WET in 1989 WET in , 1990 WET in , 1993 WET in , 2000 WET in and 2002 however, in 1990 however, in , 2000 however, in and 2002 however, in PG 1159 was observed as a secondary target. Details about the observational campaigns are given in Table 1 . The overlapping rate, in column six, is the fraction of time in which two telescopes carry out simultaneous observations of the star causing an overlap of photometric measurements in the total light curve. The spectral resolution, in the last column, is the approximate mean width of the frequency peaks (in µHz) in the FT of the total light curve of each yearly data set. Logs and additional information about the observational campaigns are presented in Winget et al. (1985) , Winget et al. (1991) , Bruvold (1993) and Costa et al. (2003) .
Data Reduction
The reduction of the photometric data was based on the process described by Nather et al. (1990) and Kepler et al. (1995) , but with some additional care in the atmospheric correction.
Most of the observations were obtained with three channel photometers. While one of the channels is used to observe the target star, another channel observes a non-variable star used as comparison star, and measurement of the adjacent sky are taken with the third channel. After discarding bad points in the light curve of the three channels, the measurements are calibrated and the sky level is subtracted from the light curves of the two stars (target and comparison). To correct by atmospheric extinction to first order, the light curve of the target star is divided, point-bypoint, by the light curve of the comparison star.
The most critical step in the data reduction is the atmospheric correction. During the night, the sky transparency changes on different timescales, affecting the light curves of the two stars. The division of the light curve of the target star by the light curve of the comparison star does not completely eliminate the effect of atmospheric extinction in the resulting light curve, because the atmospheric extinction effect is dependent of the star color and in most of the cases the two stars do not have the same color (PG 1159-035 is blue). This implies that some residual signal due to the atmospheric extinction remains in the resulting light curve, appearing in the FTs of the individual nights as one or more peaks of low frequency ( f < 300 µHz) and relative high amplitude, as shown in the left graph in Fig. 1 (see also Breger and Handler 1993) .
We performed numerical simulations to study the effect of signals with low frequency and high amplitude (LFHA) on the determination of the parameters of the pulsation modes (frequency, amplitude and phase). Our results show that the LFHA can introduce significant errors in the determinations of the frequencies, amplitudes and phases of the pulsation modes. For pulsating stars, as PG 1159-035, with many pulsation modes with low amplitudes (A < 1 mma), this interference can represent a serious problem.
To minimize this effect, we fitted a polynomial of 4 th order to the light curve of each individual night, but even so, residual frequencies with considerable amplitude persisted in the residual light curve. To eliminate them, we used a high-pass filter, an algorithm that detects and eliminates signals with high amplitudes and frequencies lower than 300 µHz, as illustrated in Fig. 1 . Note that the limit of 300 µHz is far less than our frequency range of interest, 1000 − 3000 µHz, where we see the pulsation modes. We note that all signals with frequencies lower than 300 µHz, even if they are present in the star, are eliminated. 1983, 1985, 1989, 1993 and 2002 . The respective spectral windows are shown on the right. Figure 2 shows the FTs for each one of the annual light curves of PG 1159-035 for the frequency range of interest (1000 − 3000 µHz). Frequency is in µHz and amplitude is in units of mma (milli-modulation amplitude). The respective spectral windows are on the right side, with the same scale in amplitude, but different scale in frequency.
Detection of Pulsating Periods
To find pulsation frequencies, we used an iterative approach: (0) starting with an empty list of candidate frequencies and with the FT of the original light curve; (1) identify, inside the range of interest in the FT, the peaks with amplitudes above the detection limit (taking care to discard aliases). If there is no peak above the detection limit, the algorithm stops. (2) Put the detected frequencies in the list of candidate frequencies, and (3) using a nonlinear method, fit sinusoidal curves using all frequencies from the list based on the original light curve. The fitting refines the values of the initial frequencies and calculates their amplitudes and phases. (4) The fitted sinusoidals are subtracted from the original light curve and the FT of the residual light curve is calculated. Then, the algorithm returns to the step (1) to search for other possible pulsation frequencies.
Usually, the detection limit is based on the local average amplitude of the peaks in the FT,Ā. Kepler (1993) and Schwarzenberg-Czerny (1991 , 1999 , following Scargle (1982) , demonstrated that non-equally spaced data sets of multiperiodic light curves do not follow a normal noise distribution, because the residuals are correlated. They conclude that the probability of a peak in the FT above 4Ā has a 1/1000 chance of being due to noise (therefore, not a real signal) for a large frequency range of interest (see also Breger and Handler 1993 and Kuschnig et al. 1997 for similar estimates). The comparison of the FTs of the light curves of the different years shows that a mode can appear with an amplitude above the limit of 4Ā in one FT and have a amplitude below this limit in the FT of another year. To detect a larger number of pulsation modes we used a lower detection limit. The presence of a same peak in different FTs reinforces the probability of it being a real pulsation mode.
A lower detection limit was empirically estimated from the following Monte Carlo simulation: (1) the light curve is randomized and (2) its FT is calculated for the frequency range of interest. (3) The highest peak in the FT, A max is found and computed. The sequence above is repeated 1000 times and (4) the average amplitude for the higher peak, A max and its standard deviation, σ are calculated. Then, (5) the detection limit is defined as A detect = A max + 3.5σ. In all our cases, the factor 3.5σ is ∼ 20% of A max , therefore,
This way to define the detection limit doesn't take into account that the real noise is not white, but the calculation uses the same temporal sampling of the original light curve and the same frequency range used in the frequency analysis.
We classified the peaks of each FT into the six probability levels listed in Table 2 . Initially, we selected all peaks with probability levels 1-4. Of course, with the inclusion of peaks with lower probability levels the chance of including false pulsation frequencies increases, but we hope to be able to discard the major part of them analyzing their places into multiplets, as discussed in the next sections. Figure 4 shows the "clean Fourier transforms" for each year, with only the selected peaks. The bottom FT is a merger of all of them. The detected pulsation periods are listed in Table 13, Table 14 , Table 15 , Table 16 and Table 17 . The time of maximum (T max ) in the tables' last column is an instant when the pulsation reaches a maximum in amplitude. The times of maximum are computed in seconds from the BCT (Barycentric Coordinate Time) date T o , given in the tables' caption.
The comparison of the clean FTs shows that most of the peaks with high amplitudes are persistent, appearing in all five FTs, but in all cases their amplitudes change, even taking into account their uncertainties (see Fig. 9 ). This shows that the amplitude of the pulsations modes are changing with time and sometimes their amplitude decrease below the detection limits. For this reason, to identify a large number of pulsation modes, it is necessary compare the clean FTs of several years.
The Period Spacing
The way the spacing in period is calculated and the identification of the pulsating mode is done follows a classical circular argument: first, we assume an initial period spacing for the (ℓ = 1) modes, then we look for periods in the overlapped clean FT that fit it, then the period spacing is again calculated refining its initial value. The found periods are assumed be (ℓ = 1, m = 0) modes and then we look for the lateral components (ℓ = 1, m = ±1) of the triplets, consistent with the expected spacing caused by the rotational splitting. The peaks corresponding to identified modes are removed from the clean FTs and then we apply the same process to the remaining peaks to looking for (ℓ = 2) pulsation modes. The remaining peaks that are not identified either as (ℓ = 1) or as (ℓ = 2) pulsation modes are discarded (in all cases, these peaks had low probability levels). Then, we look for peaks with lower probability levels (5 or 6) in the original FTs that fit the absent expected frequencies.
An initial value for the period spacings or, ∆P ℓ , can be calculated from the Kolmogorov-Smirnov (K-S) test. Kawaler (1988) used the K-S test to study the spacing in the first eight periods detected by Winget et al. (1985) in the PG 1159-035 data. Later, Winget et al. (1991) also used the K-S test to estimate the mean spacing between the 122 detected periods in the 1989 WET data and found ∆P 1 = 21.50 ± 0.03 s (for ℓ = 1 modes), and ∆P 2 = 12.67 ± 0.03 s (for ℓ = 2 modes).
We applied the K-S test to our list of candidate pulsation periods. The result is shown in Fig. 5 . The upper graph shows the Fig. 5 . The K-S applied to list of candidate pulsation periods. confidence level (log Q) versus 1/∆P, making the identification of harmonics in period spacings easier. The lower graph shows (log Q) versus ∆P (in seconds). The spacing ∆P 1 is 21.39 s, while ∆P 2 is 13.06 s (see Table 3 ). The ratio between the two values is ∆P 1 /∆P 2 ≃ 1.638, close to the expected √ 3. The difference around 5% is due, mainly, to the overlapping of the two sequences (ℓ = 1 and ℓ = 2).
An explanation for the structures of valleys (minima) revealed in the K-S test of Fig. 5 is illustrated in Fig. 6 , where we can see all possible spacings between the peaks of two consecutive triplets (mode ℓ = 1). The spacing between peaks of same m is ∆P, but there are greater spacings (∆P + and ∆P ++ ) and shorter spacings (∆P − and ∆P −− ). We must take into account that not all the the triplets frequencies are excited to detectable amplitudes. This can explain the lower and asymmetrical valleys around the valleys of ∆P 1 and ∆P 2 in Fig. 5 .
If the spacing between periods with same ℓ were exactly constant, the correct values for ∆P 1 and ∆P 2 would appear as sharp valleys in the K-S Test. The non-negligible width of the valleys indicate that the spacing is not exactly constant, having a certain deviation around ∆P ℓ , as is theoretically expected and discussed in Sect. 13.
Mode Identification
In the FTs, the ℓ = 1 and ℓ = 2 sequences overlap. The identification of the periods with ℓ = 1 is easier and more secure, because the spacing between them is large and they appear as triplets and not as higher multiplets. We used Eq.1 and the rotation period of the star, P rot = 1.38 days, found by Winget et al. (1991), to calculate the approximate position of the peaks of the triplets. The identification of the ℓ = 1 pulsation modes is done by comparing the peaks in the FTs with the predicted positions. All peaks identified as ℓ = 1 modes are listed in Table 4 . For peaks present in more than one FT, the periods, frequencies and amplitudes in Table 4 are the average values.
We set the index k of each triplet assuming k = 20 for the triplet of 517 s, as calculated by Winget et al. (1991) . Comparing the observed period spacing for ℓ = 1 modes in the 1989 data set with models for pulsating PG1159 stars calculated by Kawaler and Bradley (1994) (hereinafter KB94), Winget et al. (1991) calculated that the triplet of 517 has index k = 20 ± 2. The plot of period versus k is shown in Fig. 7 . Fitting a straight line to the points, we can refine ∆P 1 and calculate ǫ [Eq. 1]:
where, ǫ is the period for k = 0 (radial mode). Our result for ∆P 1 differs in ∼ 2σ from the value calculated by Winget et al. (1991) . Using the value for ǫ above and the initial estimate for ∆P 2 we started the investigation of the ℓ = 2 sequence of pulsation modes. The indexes k for each ℓ = 2 mode are calculated from Eq. 1 with an uncertainty of ±2. The identified ℓ = 2 modes are in Table 12 and the sequence of P as a function of k is shown in Fig. 7 . The new computed value for ∆P 2 is:
differing in ∼ 9σ from the value found by Winget et al. (1991) , but the uncertainty in ∆P 2 can be underestimated, as explained later in this section. It is important to note that if the true index for the 517 s triplet is k 20, ǫ and the indexes k for the ℓ = 2 sequence will need to be recalculated, but not ∆P 1 and ∆P 2 . The ratio between the two period spacing is now closer to √ 3, the expected theoretical value,
differing by less than 0.06%. After the mode identification from the combined data, we used the modes with m = 0 to calculate ∆P 1 and ∆P 2 from each annual dataset. The results are shown in Table 12 . (Note that some lines with no data were omitted only to short the table.) The amplitudes of most ℓ = 2 modes are very low and the absence of the multiplet components hinders the identification of the azimuthal index, m, of the other components. An additional complication is the overlapping of multiplets (see Fig. 8 ) which is more serious when k (and the period) increases. The multiplets with periods less than ∼ 600 s appear isolated in the FTs of PG 1159-035. But, between ∼ 600 and ∼ 750 s, the overlap of the more external components (m = ±2) occurs, and a component of one multiplet "invades" the space of the neighbor multiplet, and vice-versa. From periods of ∼ 750 s, there are overlaps of two components (m = ±2 and m = ±1). In the overlap regions, the mode identification is specially difficult and sometimes impossible, which explains the lack of continuity of period sequence in the curve for the ℓ = 2 shown in Fig. 7 . The overlap can also lead to the misidentification of the pulsation modes. For example, an "invader" m = −1 or m = −2 peak can have a period near to the expected period for the local m = 0 mode, being identified as the m = 0 mode of the local multiplet. This can explain why we obtained a better fitting for the ℓ = 2 sequence than for the ℓ = 1 sequence. In this case, the uncertainty in ∆P 2 is underestimated.
The columns "W91" in Table 4 and Table 12 show the mode identification, ℓ, m, as reported in Winget et al. (1991) . Colons (:) after m indicate that other identification are possible. Modes in parenthesis, indicate a possible alternative identification. The symbol ? indicates when the index m is unknown. Most of the identifications obtained by us are the same as those by .
The Splitting in Frequency
The observed splittings in frequency are caused by a combination of effects of the stellar rotation and the star's magnetic field. The magnetic splitting depends on the strength B and the geometry of the magnetic field of the star (Jones et al. 1989) . For a symmetric magnetic field aligned to the pulsation symmetry axis, in first order,
where γ k is a proportionality constant which depends on the internal structure of the star, on the index k (and so, on the period), and on the shape of the magnetic field. If the rotation is slow (P rot ≫ P puls ) and if the rotation axis and the pulsation symmetry axis are approximately aligned, the rotational splitting is given by (Hansen et al. 1977) :
where C = C(k, ℓ) is the uniform rotation coefficient while C 1 = C 1 (k, ℓ, |m|) contains the nonuniform rotation effects and depends on the adiabatic pulsation properties, the equilibrium structure of the star, and the rotation law. In the asymptotic limit of high radial overtones, i. e., large values of k (Brickhill 1975) , C ≈ 1/ℓ (ℓ + 1); and, if we assume uniform rotation as a first approximation, C 1 = 0. If the second order terms in Eq.8 are neglected related to δν mag , then δν rot ≈ m Ω rot . While the rotation splits a g-mode in (2ℓ+1) components, an aligned magnetic field splits it only in (ℓ + 1) components. Figure 9 shows the triplets (left panel) and multiplets (right panel) with at least two detected components found in the FT of each annual data set. Assuming that the above mentioned conditions are true for PG 1159-035, the presence of multiplets with (2ℓ + 1) peaks in its FT indicate that the rotational splitting is the dominant. To estimate δν rot and δν mag we calculated the δν spacing in frequency between consecutive peaks of the Fig. 9 multiplets, and fitted to
whereγ is the average of γ k . The spacings in frequency for the combined data ℓ = 1 modes are δν rot,1 = 4.134 ± 0.002 µHz and δν mag,1 = 0.007 ± 0.002 µHz. The contribution of the magnetic splitting is less than 1%. For the ℓ = 2 modes we found δν rot,2 = 6.90 ± 0.01 µHz. Unfortunately, the absence of peaks in the multiplets does not made it possible to estimate δν mag,2 . Winget et al. (1991) analyzing only the PG 1159-035 1989 data set, found: < δν rot,1 >= 4.22 ± 0.04 µHz and < δν rot,2 >= 6.92 ± 0.07 µHz. Table 5 shows the rotational spacing in frequency for each data set.
The Rotational Period
For uniform rotation and asymptotic overtone limit in k, the rotation period in the region of period formation, P rot , can be calculated from the frequency spacing (Kawaler et al. 1999) as
Calculating the P rot mean value for ℓ = 1 and ℓ = 2, Winget et al. (1991) obtained P rot = 1.388 ± 0.013 days. From our combined data, we obtained P rot = 1.3930 ± 0.0008 days for ℓ = 1 and P rot = 1.3973 ± 0.0022 days. The two periods' average is P rot = 1.3935 ± 0.0008 days, consistent with the previous value, but with a significative larger accuracy. The rotational periods calculated for each data set are shown in Table 5 .
Inclination of the Rotational Axis
Theoretically, if the pulsational symmetry axis and the rotational axis are approximately aligned and if the amplitudes of all the pulsation modes of a multiplet are the same, the multiplets appear in the FT with a symmetrical design and the relative amplitudes of the components depend on the inclination angle, i, of the rotational axis (Pesnell 1985) .
As noted by Winget et al. (1991) , the PG 1159-035 multiplets do not have a symmetrical design and, as shown in Fig. 9 , the relative powers (and amplitude) of the multiplets components change in time, but the average multiplets, shown in the bottom of the panels in Fig. 9 , are approximately symmetrical relative to the central peak. o . In Fig. 10 the mean multiplets calculated from all the multiplets shown at Fig. 9 are shown. The relative powers of the peaks of the ℓ = 1 and ℓ = 2 average multiplets suggest a bit larger inclination angle, i ≃ 70 o ± 6 o , but consistent with the previous result. 
The Magnetic Field
If we assume any asymmetries in the splittings are due to magnetic filed effects, we can estimate an upper limit to the magnetic field. From the asymmetric in frequency splitting within a multiplet, δν mag , we are able to estimate an upper limit to the strength of the magnetic field, B, since δν mag ≈ m 2 γ k B 2 . We calculated the proportionality constant by scaling the results of Jones et al. (1989) for ℓ = 1 modes (see their Fig.1 ), and obtained an upper limit B < 2000G, with a average value B ∼ 1200G. Our upper limit for B is three times less than the one found by Winget et. al. (1989) , of 6000 G. Vauclair et al. (2002) found the limit B < 500 for another PG 1159 star, the hot RXJ 2117+3212. As observed by Vauclair too, the estimates of the upper limit for B are taken from the calculations for a pure carbon white dwarf star by Jones et al. (1989) , and it can only be an approximated value when scaled to PG 1159-035.
Mass Determination
The mass is the stellar parameter with largest impact on the internal structure and evolution of the stars. However, with exception of a small fraction of stars belonging to binary systems, the mass cannot be obtained by direct observation. The mass of (pre-)white dwarf stars can be spectroscopically estimated, from the comparison of the observed spectrum with theoretical spectra predicted by stellar atmospheric models (spectroscopic mass). For the pulsating stars, the mass can also be asteroseismologically derived by way of the comparison of the observed spacing in the star's pulsation periods and the ones predicted by pulsation models (seismic mass).
KB94 Parameterization
From ∆P 1 and ∆P 2 derived in 6, the proportionality constant P o in Eq.2 may be calculated: 
The previous result (KB94) is P o = 30.5 ± 3.0. The constant P o depends on the internal structure of the star (see, e.g., Shibahashi 1988):
where, N(r) is the Brunt-Väisälä frequency and the integration is done over all the region of propagation of the g-modes inside the star. From the parameterization of a grid of models, KB94 found an expression for P o as a function of three stellar parameters, the stellar mass (in M ⊙ ), M; the luminosity (in L ⊙ ), L; and the fractional mass of the helium superficial layer, q Y :
where, z, a, b and c are constants. Knowing P o , L, q Y and the four constants above, the stellar mass can be determined:
The general equation to estimate the uncertainty, σ M , in the mass determination is
The equation above take into account the contribution of all parameters of Eq.14, but the last term is the dominant one and all other terms can be neglected. Then,
For PG1159 stars, KB94 calculated z = 18.196 sec, a = −1.3, b = −0.035 and c = −0.00012 with L = (195 ± 3) L ⊙ , q Y = 0.039 and obtained M/M ⊙ = 0.59 ± 0.01 for PG 1159-035. The uncertainty for a was not published, but if we assume that the σ a is of the same order of the last significant digit of a, σ a ≃ 0.1, and use our result for P o , we obtain M/M ⊙ = 0.59 ± 0.02, while Winget et al. (1991) found M/M ⊙ = 0.586 ± 0.003. The difference in the uncertainties for M/M ⊙ is probably because Winget assumed a smaller value for σ a , in spite of our higher accuracy in the measured σ Po . The dominant uncertainty in the mass determination is the theoretical models, not the observations.
New Asteroseismological Models
Córsico et al. (2006) performed an extensive g-mode stability analysis on PG1159 evolutionary models, considering the complete evolution of their progenitors, obtaining M/M ⊙ ≃ 0.536 for PG 1159-035. They point out that for this mass and at the effective temperature of PG 1159-035, their analysis predicts that the model is pulsationally unstable, but with a period spacing of ∆P 1 ≃ 23s, which is in conflict with the observed ∆P 1 = 21.43s. To have a ∆P 1 compatible with the observed one, the mass of PG 1159-035 should be M/M ⊙ ≃ 0.558, 1.6σ less than our result. They suggest that improvements in the evolutionary codes for the thermally pulsing AGB phase and/or for the helium burning stage and early AGB could help to alleviate the discrepancies between the spectroscopic mass and the mass calculated from the period spacing.
Preliminary results of a detailed asteroseismological study on PG 1159-035 on the basis of an enlarged set of full PG1159 evolutionary models (Córsico et al. 2007 in preparation) indicate that the PG 1159-035 stellar mass is either ≈ 0.585M ⊙ (if the star is on the rapid contraction phase before reaching its maximum effective temperature) or ≈ 0.577M ⊙ (if the star has just settled onto its cooling track). These inferences are derived from a comparison between the observed period spacing and the asymptotic period spacing. This range in mass is in agreement with the value of M ⋆ ≈ 0.59M ⊙ derived by Winget al. (1991) and KB94 -and also in agreement with the value derived in the present paper from the KB94 parameterization -on the basis of an asymptotic analysis.
We must emphasize, however, that the derivation of the stellar mass using the asymptotic period spacing is not entirely reliable in the case of PG1159 stars. This is because the asymptotic predictions are strictly valid for chemically homogeneous stellar models, while PG1159 stars are expected to be chemically stratified, characterized by pronounced chemical gradients built up during the progenitor star life. A more realistic approach to infer the stellar mass of PG1159 stars is to compare the average of the computed period spacings (∆P ℓ ) with the observed period spacing. To this end, we computed adiabatic nonradial g-modes and evaluated ∆P ℓ by averaging the computed forward period spacings (∆P k = P k+1 −P k , k being the radial order) in the appropriate range of the observed periods in PG 1159−035. At the observed effective temperature we find two solutions for the PG 1159-035 stellar mass: ≈ 0.586 − 0.587M ⊙ and ≈ 0.56 − 0.57M ⊙ , depending on its location on the HR diagram 1 . We can safely discard the solution before the knee M * ≈ 0.586 − 0.587M ⊙ because the predicted surface gravity is much lower (log g ≈ 6) than the spectroscopically inferred value log g = 7.0 ± 0.5. Thus, our best estimate for the mass of PG 1159-035 is ≈ 0.56 − 0.57M ⊙ . We postpone to a later publication (Córsico et al. 2007 ) a detailed asteroseismological study based on a fitting to the individual observed periods in PG 1159-035.
Spectroscopic Mass
The stellar mass can also be spectroscopically estimated from the comparison of optical and/or UV spectra of the star with results of atmospheres models. Using line blanketed NLTE model atmospheres, Dreizler and Heber (1998) 
Trapped Modes
The asymptotic approximation of the Eq.1 calculates with excellent precision the pulsation periods for completely homogeneous models for PG1159 stars. However, the inner composition of pre-white dwarfs changes between the core of C/O and the superficial layer, rich in helium. The regions where the gradient of the inner composition drastically changes are called transition zones. These zones can work as a reflection wall for certain pulsation modes, isolating them into specific regions of the star, as in a resonance box. This way, the modes can be "trapped" inside the core of C/O, as well as, between the stellar surface and the transition zone. The trapping of pulsation modes changes the spacing between consecutive periods relative to the uniform spacing, ∆P ℓ . The analysis of the deviations from the uniform period spacing allows us to study the trapping of pulsation modes inside the star and obtain some relevant information about its internal structure. The main tool in this analysis is the ∆P diagram, a graph of the local spacing, ∆P = P k+1 − P k , versus the period P k of the m = 0 modes. Figure 11 shows the ∆P diagram for PG 1159-035 using the m = 0 modes listed in Table 6 . The ℓ = 1 sequence between k = 14 and k = 41 is complete, while the ℓ = 2 sequence is Table 6 . Points in the ∆P diagram. incomplete. Fortunately, the most significant information can be obtained from the ℓ = 1 sequence alone. The (ℓ = 1) trapped modes appears as points of minimum in the ∆P diagram (KB94) and are listed in Table 7 . We note that, with exception of the mode of 452s which has amplitude ≃ 3 mma, all other trapped modes have relatively low amplitudes ( 0.6 mma).
Transition Zone
As the trapping of the pulsation modes depends on the resonance between the eigenfunctions for the pulsations and the depth of the transition zone, the periods for which the modes are trapped are sensitive to the geometric depth, r c , of the transition zone. The periods of the trapped modes can be calculated by the analytical approximation, originally proposed by Carl J. Hansen:
where, λ i are constants related with the zeros of the Bessel functions; r c is the position of the transition zone; and P i is the period of the trapped mode which has i nodes between the stellar surface (r = R ⋆ ) and the transition zone (r = r c ).
The constants λ i are called trapping coefficients and are empirically calculated from models for white dwarfs and pre-white dwarfs by several groups. Table 8 shows the coefficients λ i for i = 0 − 9 for the models of PG 1159 calculated by Bradley and Winget (1991) . From the Eq.18, the ratio between two periods, P i > P j , is given by:
The first step is to identify the indexes i and j. Table 9 shows all ratios for P k /P k ′ , with k > k ′ , for the trapped modes of PG 1159-035, while Table 11 shows the ratios between λ i /λ j with i > j. From the comparison of the two tables, we found that the sequence of indexes that best fit is i = 1, 2, 3, 4, 5. We point out that the identification of the trapped indexes, i, (fortunately) does not require exact identifications of the radial indexes, k.
For ℓ = 1, the expression in Eq.18 becomes:
and we obtain:
For positive values for r c /R ⋆ , the radius of the star, R ⋆ , must be R ⋆ < 0.045 R ⊙ . Using M/M ⊙ = 0.59 and assuming R/R ⊙ = 0.025±0.005 (KB94), we can calculate r c for each trapped mode of PG 1159-035 , as shown in Table 10 . All results are concentrated around 0.83 R ⋆ , with small dispersion:
Theoretical models calculated by Paul Bradley for PG 1159 stars derived from standard post-asymptotic giant branch (AGB) stellar models (see KB94 for a detailed description), and fitted to (PG 1159-035) data with radio R ⋆ = 0.026 R ⊙ , calculate that the position of the transition zone between the core of C/O and the He layer is between 0.60 and 0.65 R ⋆ , which differ from our value by a factor of ∼ 4σ. This discrepancy suggest that the assumed parameters in the models are not the best ones for PG 1159-035, if the trapping occurs at the He to C/O transition.
Linear Combinations of Frequencies
There is no evidence of linear frequency combination involving the almost 200 pulsation frequencies in PG 1159-035. The presence of peaks in the FT resulting of linear combinations of frequencies indicates a nonlinear behavior. Linear combinations of frequencies have been observed in DAVs and in DBVs. It is the case of the DAV star GD 154 (Pfeiffer et al. 1996) and the DBVs stars GD 358 (Vuille et al. 2000 and Kepler et al. 2003) .
The physical causes of the nonlinear behavior are not well understood. But, perhaps, PG 1159-059 is giving us a hint: a difference between PG1159 stars, and all other pulsating white dwarf stars is that DAVs and DBVs have convective layers, while PG1159 stars do not have significant ones. This fact is an indirect support to the hypothesis that the origin of the nonlinear behaviors be the convection, as was proposed by Brickhill (1990 Brickhill ( , 1992 , Wu (1999a, 1999b) , Weidner and Koester (2003) , and Montgomery (2005) .
Power Conservation
The kinetic energy of oscillation, E kin , is defined by
where σ = 2πν is the angular eigenfrequency, δr is the Lagrangian displacement vector, I kℓ ≡ M ⋆ 0 |δr| 2 dM r , and the relative radial displacement is normalized to δr/r = 1 at the stellar surface. Since modes with the same surface amplitude can have very different I kℓ values, we can only calculate total kinetic energies if we have a numerical model of the star with which to calculate these quantities.
If we only want to compare the surface kinetic energy densities of different modes, however, we can do a bit better than this. Ignoring geometric factors throughout this derivation, we have E kin ∝ σ 2 ξ 2 h , where ξ h is the horizontal displacement at the surface. From Robinson, Kepler, & Nather (1982) , we find that
Assuming the Cowling approximation and that the oscillations are adiabatic at the surface, we have (e.g., Unno et al. 1989 )
which, combined with the previous result yields
Thus, a The rations in the boxes are those ones than best fit to rations between the observed trapped periods, shown in Table 9 .
The total surface kinetic energy of the oscillations is the sum of the individual surface kinetic energies of all the pulsation modes:
where ν i are the frequencies (in units of ×10 −8 µHz) and A i are the observed photometric mode amplitudes. The total kinetic oscillation energy for the observed ℓ = 1 and ℓ = 2 pulsation modes in PG 1159-035 is shown in Table 5 , in terms of ×10 −8 µHz 2 . The arithmetic means of the kinetic oscillation energy for the ℓ = 1 and ℓ = 2 pulsation modes are E 1 = 2.4 ± 0.4 and E 2 = 1.1 ± 0.4. and E tot = E 1 + E 2 = 3.5 ± 0.6. The deviations relative to the mean value year to year are less than 30% for E 1 , less than 50% for E 2 and less than 35% for E tot . With exception of 1989 and 1993 (our best datasets) the deviations are larger than the uncertainties in E 1 and E 2 , suggesting that the total surface kinetic energies are not conserved. For all data sets, E 1 corresponds to 65 − 75% of the detected modes total energy, E tot , not correcting for geometrical effects. Winget et al. (1991) , analyzing the WET 1989 data set of PG 1159-035, found 122 pulsation modes, with frequencies between 1000 and 3000 µHz in the star's FT, with a spacing in period of ∆P 1 = 21.50 ± 0.03 s and ∆P 2 = 12.67 ± 0.03 s. The seismological mass calculated from the spacing in period and using a theoretical model for a PG 1159 star was M/M ⊙ = 0.586 ± 0.003. The analysis of the fine structure of the multiplets shown a spacing in frequency δν rot,1 = 4.22 ± 0.04µHz and δν rot,2 = 6.92 ± 0.07µHz for ℓ = 1 and ℓ = 2 modes, respectively, which allowed the calculation of the star's rotation period, P rot = 1.38 ± 0.01 days; of the rotation axis inclination, i ∼ 60 o ; and to estimate an upper limit for the magnetic strength, B < 6000 G.
Conclusions and Comments
In this work, we followed the same steps of Winget, but using a larger number of data sets and improved data reduction and data analysis techniques. The combination of the Fourier transforms of the data sets from different years (1983, 1985, 1989, 1993 and 2002) allows us to refine the determination or put new constraints over several stellar parameters of PG 1159-035. Our main results are:
1. We identified 76 new pulsation modes, increasing to 198 the total number of known pulsation modes for PG 1159-035. 
.32 ± 0.03 sec. 3. We found a mass M/M ⊙ = 0.59 ± 0.02 from the KB94 parameterization. The apparent lower accuracy in the mass determination relative to the Winget determination, although we have substantially decreased the uncertainty in P o , is because we took into account the dominant uncertainty in the theoretical models. As pointed out by Winget, the stated error in their determination of the PG 1159-035 mass reflects only the uncertainty in the measured period spacing, and not the systematic errors associated to the models. In this sense, even though our result is formally less accurate, it is more realistic. 4. Analyzing the spacing in frequency inside the multiplets we found that the splitting due to the stellar rotation is δν rot,1 = 4.154±0.002µH for ℓ = 1 modes and δν rot,2 = 6.90±0.01µHz for ℓ = 2 modes. 5. We also estimated that the splitting in frequency due to the magnetic field for ℓ = 1 modes is δν mag,1 = 0.007 ± 0.002µHz, contributing with less than 1% of the total splitting. Unfortunately, it was not possible to calculate the magnetic spacing in frequency for the ℓ = 2 modes, due to the absence of several components in the multiplets. 6. From the rotational frequency splitting we calculated the rotational period P rot = 1.3920 ± 0.0008 days. 7. The magnetic splitting in frequency suggests a upper limit for the magnetic strength lower than the previous estimates: B 2000 G. 8. The analysis of the fine structure of the combined data multiplets (ℓ = 1 and ℓ = 2) suggests that the inclination angle of the rotational axis is i ∼ 70 o ± 6 o . 9. The ∆P diagram of PG 1159-035 for ℓ = 1 modes suggests that PG 1159-035 is already a stratified star. 11. There is no evidence of linear combinations of frequencies in PG 1159-035. As models of PG 1159-035 do not have any significant convective layer, this provides indirect support to the hypothesis that nonlinearity arises in the convection zone. 12. Comparing the total power of the pulsation modes of the different years between 1983 and 2002, we observe that the differences relative to the mean value are less than 30% for the ℓ = 1 modes and less than 50% for the ℓ = 2 modes, indicating that the total surface kinetic energies are not conserved.
In continuation to the present work, we measured the temporal changing of the pulsation period (Ṗ) of several pulsation modes in PG 1159-035. As PG 1159-035 is a very hot star, it is quickly evolving and its pulsation periods are changing in time. The period changes are large enough to be directly measured and for some we can derive the second order temporal variation (P). The results are presented in a separated paper (Costa et al. 2007 ).
We are currently performing a detailed asteroseismological study on PG 1159-035 based on an enlarged set of full PG1159 evolutionary models. Preliminary results, obtained from the comparison of the average period spacings of the models and of the observed periods, suggest that the mass of PG 1159-035 is ≈ 0.56 − 0.57 M ⊙ (see Sect.12.2). The next step is to fit the models to the individual observed periods in PG 1159-035. This study will be published in a separated paper (Córsico et al. 2007 in preparation). 
